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Abstract—A model for the determination of the individual res-
onant frequencies and inter-resonator couplings of a system con-
sisting of cascaded coupled resonators is presented. Measuring or
computing the phase of the reflection coefficient of short-circuit
terminated networks synthesizes all the inter-resonator couplings
and resonant frequencies. The loading effect on the last resonator
due to the unknown position of the short-circuit reference plane
is accurately accounted for by a systematic method. A determin-
istic finite steps tuning method based on the model is developed.
The method is proven successful experimentally and the noniter-
ative nature of the method makes fully automatic tuning of filters
possible.

Index Terms—Computer-aided, filters, tuning.

I. INTRODUCTION

T HE tuning process for high-performance microwave
filters consisting of many resonators is nontrivial, time-

consuming, and very expensive [1]–[3]. The main reason is
that the element values of the microwave filters, resonators,
and coupling elements cannot be measured separately. In many
applications, highly accurate couplings and resonant frequen-
cies of individual cavities are necessary to ensure the desired
responses of filters. Thus, accurate determination of individual
resonant frequencies and inter-resonator couplings of coupled
resonators together with a deterministic tuning algorithm are
essential for minimizing the tuning effort.

The conventional methods of tuning filters, based on the
process described by Dishal [1], utilize the filter return loss
as the criterion for tuning. The person tuning the filter ba-
sically minimizes the reflection coefficient of the doubly
terminated filter in its passband by adjusting tuning screws
until an acceptable response is obtained. This is an empirical
time-consuming process. The main difficulty is that each tuning
screw affects the whole response of the filter and there is no
direct correlation between the change of a tuning screw and the
resulting change in filter response. A method for measurement
of inter-resonator couplings introduced by Atia and Williams
[2] is based on measuring the phase responses of the reflection
coefficient of a short-circuited network consisting of identical
and synchronously tuned coupled resonators. This method has
been widely used for tuning of various microwave filters and
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multiplexers [4], [5]. However, the method requires successive
trials to achieve synchronous tuning of all resonators to the
same resonant frequency, which is a tedious iterative and quali-
tative process. Successive synchronous tuning of all resonators
may be difficult due to lack of direct access to each individual
resonator. Furthermore, the methods in [1] and [2] cannot be
adequate for filters that have resonators with different resonant
frequencies [6].

Thal [3] developed a method that incorporated equivalent-cir-
cuit analysis programs with element-optimization routines. Ba-
sically, the method starts from an initial measurement of the
filter response followed by the generation of a circuit model
obtained from optimizing the circuit elements to fit the mea-
sured response. Filter alignment and diagnosis are performed
through the optimized circuit model. The whole process is re-
peated iteratively until acceptable responses are achieved. Phase
method of diagnostics and tuning has been widely used for filter
tuning [7], [8]. Accatino [7] utilized phase measurement of the
input admittance of a short-circuited filter in conjunction with

synthesis and minimum pattern search optimization tech-
niques to extract inter-cavity couplings and resonant frequencies
of individual cavities. Among all the previously proposed ap-
proaches, the iterative characteristics make the tuning process
a tedious job. Until now, the tuning of filters has been as much
art as science. The main difficulties are the lack of a determin-
istic tuning algorithm and the direct correlation between the
measured parameters and the resulting filter responses. Another
method, such as the time-domain tuning method, which utilized
the discrete inverse Fourier transform to get the time-domain re-
sponse, has also been presented [9].

In this paper, a comprehensive equivalent-circuit model is
proposed to determine the inter-resonator couplings and the in-
dividual resonant frequencies of cascaded coupled-resonator fil-
ters. Closed-form recursive formulas are presented, which cal-
culate couplings and resonant frequencies from the zeros and
poles of the input impedance of cascaded resonators with a short
circuit at one port. The importance of the loading effect, caused
by the unavoidable unknown shift in the short-circuit reference
plane, is addressed and effectively removed by a systematic
method. While the model provides a direct correlation between
the measured parameters (zeros and poles) and the resulting
filter response, a deterministic tuning method in a finite known
number of tuning steps is also developed to eliminate the tedious
iterative process required in other tuning methods. In general,
only tuning steps are necessary for a filter withres-
onators. The proposed method also finds its application in con-
junction with full-wave simulations to simulate and compute the
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Fig. 1. Equivalent-circuit representation for the cascaded coupled resonators filter.

inter-resonator couplings and resonant frequencies of coupled
nonidentical cavities [10]. Although only the cascaded coupled
resonators filters are considered, the process can also be effec-
tively applied in tuning and diagnosis of coupled resonators fil-
ters with cross couplings. This is the case since, in practice, the
cross couplings are usually small and one can always select the
tuning path involving only the cascaded resonators. The applica-
tion of the method to the tuning of a five-pole combline Cheby-
shev filter is also presented. The promising results showed the
powerfulness of the method and implied the feasibility of full
automation in filter tuning.

II. CIRCUIT MODEL OFCASCADED COUPLEDRESONATORS

Fig. 1 shows the equivalent circuit of a two-port lumped-el-
ement network consisting of cascaded coupled resonators.
Each resonator is composed of a series capacitance,

together with total loop inductance and is character-
ized by its individual resonant frequency and
characteristic impedance . Couplings between
the adjacent resonators are represented by the frequency inde-
pendent reactances , while and are the equiva-
lent resistances representing the input (source) and output (load)
couplings, respectively. Although this network model is valid
for narrow bandwidth, it is usually sufficient in most of the ap-
plications. When resonator in Fig. 1 is terminated in a short
circuit at the reference plane– , the input impedance at loop

can be derived as

(1)

where and are monic polynomials of orders
and ; and are the characteristic impedance

and resonant frequency of resonator.
For the network shown in Fig. 1, and can be

expressed as [11], [12]

(2)

(3)

where and
are the zeros of and , corresponding to the

zeros and poles of the input impedance of the one port network
at loop , respectively.

The coupling coefficient between two adjacent
resonators is related to the frequency independent reactances

as

(4)

Analysis of the short-circuited one-port network yields the
following simple closed-form recursive relations [13]

(5)

(6)

with

(7)

(8)

In the above equations, is defined as the coupling band-
width, equivalent to the coupling coefficient in frequency units.
The above recursive relations provide a simple and direct cor-
relation between the filter parameters (the inter-resonator cou-
plings and the resonant frequencies of individual resonators) and
the zeros and poles of the input impedance of the short-circuited
network, though we do not have direct access to each individual
resonator in the filter.

The zeros and poles of the short-circuited network can be ob-
tained either by direct measurement or by numerical simulation.
In the case of direct measurement, where the reference plane
is clearly defined, the frequencies corresponding to180 and
0 phases are the corresponding zeros and poles of the input
impedance. In some situations, linear interpolation technique
might be necessary to determine such frequencies, depending on
the setup of test instruments. As for the case of numerical simu-
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(a)

(b)

Fig. 2. (a) Modified equivalent-circuit model with an extra piece of transmission line to account for the shift in the short-circuit reference plane.(b) Two different
setups for the additional two measurements to remove the loading effect to the last resonator by the proposed method.

lation, however, the locations of the zeros and poles can be deter-
mined through the calculation of phase derivatives with respect
to frequency. Those frequencies at which the phase derivative
evaluated is the maximum (minimum) are the corresponding
zeros (poles) of the input impedance. Finally, the input (output)
coupling resistance in frequency unit is also related to
the zeros and poles through the following equation:

(9)

where is the frequency corresponding to90 phase of the
input reflection coefficient.

III. REMOVAL OF LOADING EFFECT

From Section II, it is clear that all the inter-resonator cou-
plings and resonant frequencies of the individual resonators can
be extracted through the proposed model once the zeros and
poles of the input impedance are known. Hence, highly accu-
rate determination of zeros and poles of the input impedance
is essential to guarantee the exact diagnosis and tuning of the
filter. Basically, all the derivations in Section II are based on the
one-port network with a short-circuited termination directly at
the end of the last resonator. However, in practice, this is not pos-
sible due to the lack of direct access to the last resonator inside
the filter. An unknown length of additional transmission line
is unavoidable between the output coupling structure and the
short-circuit reference plane, which results in additional loading
to the last resonator.

Consider the modified equivalent-circuit representation, as
shown in Fig. 2(a). An additional piece of transmission line

with unknown length is added between the output coupling
structure (represented as a transformer with turns ratio

) and the short-circuit termination to account for the
shift in reference plane. The input impedance of the last res-
onator of this modified network can be obtained as

(10)

where and are the characteristic impedance and the res-
onant frequency of the last resonator; is the characteristic
impedance of the additional transmission line (usually 50).
The following relationship holds at the measured natural fre-
quency of the structure

(11)

while is extracted from the measured zeros and poles of the
short-circuited network, the remaining three unknowns in the
above equation are , , and . To obtain enough informa-
tion for solving , two additional measurements are made by
inserting two different transmission lines with known length
and , as shown in Fig. 2(b). At the measured natural frequen-
cies and of the two different setups, we have

(12)

(13)
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Fig. 3. Theoretical response of the five-pole combline Chebyshev filter with
center frequency of 836.5 MHz and bandwidth of 40 MHz.

It should be clear that certain relationship exists for the “unper-
turbed” resonant frequency of the last resonatorand those
“perturbed” ones, i.e., , as

(14)

Equations (11)–(13) can be used to solve for all the unknowns,
particularly the length , which accounts for the shift in the
short-circuit reference plane. The appropriate solution will be
the one that satisfies the constraint outlined in (14).

Despite the simplicity of the proposed method for solving,
the choices of the length of and should be carefully ad-
dressed. Theoretically, the perturbations (the length ofand

) must be small enough so that the networks remain under the
condition of being near the optimum approximation for (2) and
(3) to be valid. This is equivalent to that fact that, in practical
situations, and should be so short that the existence of all
the zeros and poles of the phase of input reflection coefficient
is guaranteed on the display of the test instrument (vector net-
work analyzer). Once is known, the same analysis procedure,
as discussed in Section II, is performed on the modified equiv-
alent-circuit representation. It can be easily shown that all the
closed-form recursive relations [see (5)–(8)] remain unchanged.
The only parameter necessary to be adjusted is the resonant fre-
quency of the last resonator. For a given, the difference be-
tween the perturbed and unperturbed resonant frequencies of the
last resonator can be derived as

(15)

where is the bandwidth of the filter and is the equivalent
output coupling resistance.

IV. TUNING PROCEDURE

Based on the proposed circuit model, a step-by-step deter-
ministic tuning procedure for cascaded coupled resonators fil-
ters that eliminates tedious iterative approaches is developed and
summarized as follows.

Step 1) The tuning procedure starts with the necessary
calibration to determine the proper location of the
reference plane for accurate phase measurement.

TABLE I
LIST OF COMMONLY USED SMA ADAPTERS

(a)

(b)

Fig. 4. Plots of the phase of input reflection coefficient for two different setups
for the measurement to remove the loading effect with: (a)� = 17:3 inserted
and (b)� = 25:6 inserted. All five zeros and four poles are clearly shown in
both plots indicating the proper choices of� and� .
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TABLE II
SUMMARIZED RESULTS FOR THETHREE MEASUREMENTS FOR THEREMOVAL OF THE LOADING EFFECT TO THELAST RESONATOR

In practice, the procedure is to insert all the filter
tuning screws deep into the cavities so that their
resonant frequencies are far from the desired res-
onant frequencies of the individual cavities (the
detuned condition). This condition is observed on
the polar display of a network analyzer when the
input reflection coefficient appears as a single spot,
while the frequency is being swept several times the
bandwidth around the desired center frequency. The
phase reference plane is then adjusted to achieve
the “best” spot on the sweep, which will be used
to correspond to the 0position of the reflection
coefficient.

Step 2) The measurement and adjustment of the input and
output couplings are then performed. In this step,
only the first resonator is brought into resonance,
while all the remaining resonators in the network are
still in the detuned condition. Following the same
procedures as in [8], the input coupling resistance

is determined. Possible adjustment of to the
desired value is performed by changing the iris di-
mension or probe position, depending on the cou-
pling schemes adapted. The same method is applied
for the measurement and adjustment of the output
coupling resistance .

Step 3) Terminate the output port with a short circuit and
look at the phase of the input reflection coefficient.
Bring in all the resonators in the network into reso-
nance. This can be achieved by adjusting the tuning
screws until all the zeros and poles are shown on the
display of network analyzer.

Step 4) Make the measurement of the above net-
work. Record all the zeros and poles as

. From (5) to

(8), extract the inter-resonator couplings and
resonant frequencies of each individual res-
onators .

At this point, the extracted filter parame-
ters are ex-

pected to be different from the desired ones
.

Step 5) From
,

synthesize the zeros and poles and record as
. This set of zeros

and poles will be used as the criterion for the

Fig. 5. Filter response after all the five resonators are brought into resonance
(i.e., Step 3) before the adjustment of the parameters is made.

adjustment of the coupling between resonators 1
and 2. The underlying concept here is that if the
zeros and poles are placed to the recorded positions
through the adjustment of the corresponding
tuning screw, will be equal to , which
is the desired value.

Step 6) Repeat Step 5 for all the coupling elements
until the th set of zeros and poles,

synthesized

from

has been recorded.
Step 7) Repeat Steps 5 and 6 for all the resonant fre-

quencies of individual resonators. Starting
from ,

all the zeros and poles are synthesized and
recorded until the last, i.e., th,
set of zeros and poles is synthesized from

. These

sets of zeros and poles will be the criteria
for the adjustment of the filter parameters.
It might seem lengthy at this point, however, all the
steps from Steps 4 to 7 can easily be implemented
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Fig. 6. Spreadsheet for the illustration of the tuning steps. The first column indicates the step count. The second column indicates the corresponding filter
parameter to be adjusted in the specific step. The numbers in [] (third column) are the filter parameters used to synthesize the zeros and poles (numbers in {},
column 4) to be recorded as the tuning criterion of each step. This table can be generated in seconds by implementing the model on a computer.

on a computer. It takes just seconds to perform all
the above computations.

Step 8) The adjustment process begins with , the
coupling between the first and second resonator.
Set the markers on the network analyzer at the
corresponding frequencies of zeros and poles

. At this point, all

the markers should be randomly spaced on the polar
display of the network analyzer. Adjust the corre-
sponding tuning screw until the markers “merge”
into two clusters on the polar display. The cluster
at the far left-hand-side end of the polar display
corresponds to the frequencies of zeros, while that
at the right-hand side corresponds to poles.

Step 9) The whole procedure ends after repeating Step 8 for
more times to finish adjusting the rest of

the filter parameters to the desired values.

It is clear that, in general, only tuning steps are
required for a filter with resonators after the input/output

couplings have been correctly tuned. This tuning procedure
has been proven to be successful both theoretically and exper-
imentally. The practical application of the tuning procedure
on a five-pole combline Chebyshev filter will be presented in
Section V.

V. APPLICATIONS

To demonstrate the powerfulness of the proposed model and
tuning procedure, a five-pole combline Chebyshev filter with
center frequency of 836.5- and 40-MHz bandwidth was used.
Fig. 3 shows the theoretical response of the filter. Necessary cal-
ibration and accurate determination of reference plane for phase
measurement are performed following the procedure outlined in
Section IV. Since tapped line realization is used for input/output
coupling, the position of the tap is adjusted to achieve the de-
sired coupling. The measured input and output coupling resis-
tances ( and ) after adjustment are 1.310 and 1.306, which
are both close to the desired value of 1.322.
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(a)

(b)

Fig. 7. Polar displays from the network analyzer: (a) before and (b) after
adjustment of thef tuning screw. The markers are corresponding frequencies
of the zeros. It is observed that all the markers merge into a cluster after tuning.

The method for the removal of the loading effect is then
applied. In our measurement setup, 401 frequency points in
a frequency span of 120 MHz (a frequency resolution of
0.3 MHz) are used. A linear interpolation technique is adapted
for accurate determination of the positions of zeros and poles.
It should be noted that higher measurement accuracy may be
achieved by taking more frequency points in the same fre-
quency span (which means higher resolution) at the price of
longer sweeping time per cycle on the network analyzer. As is
addressed before, choices of the two transmission linesand

are important. In practice, various types of the SMA

(a)

(b)

Fig. 8. Convergence plots of: (a) resonant frequencies of individual resonators
and (b) inter-resonator couplings with respect to the number of tuning steps.

adapters are good candidates. Several commonly used SMA
adapters are listed in Table I with electrical length measured at
the center frequency 836.5 MHz.

In our case, the two lines are chosen to be 17.3and 25.6. To
check the properness of these choices, plots of the phase of the
input reflection coefficients for both cases are shown in Fig. 4.
As is observed in both plots, the existence of all five zeros and
four poles reveals that both networks are near the optimum ap-
proximation to the requirements. The measured zeros and poles
for all three measurements are summarized in Table II. With
(11)–(13) and the measurement results in Table II, the shift in
reference plane is solved to be 2.41at the center frequency.
The corresponding frequency adjustment to the last resonator,
from (15), is MHz.

Before changing any tuning screws, all the computations
required in Steps 4–7 of the tuning procedure is performed by
a computer. To further highlight the efficiency of the proposed
technique, the filter response after all the resonators are brought
into resonance (i.e., Step 3) is checked and shown in Fig. 5
before we proceed with the adjustment of each tuning screw.
Fig. 6 is a spreadsheet that records the nine sets of zeros and
poles as criteria for tuning with the desired filter parameters
included. The sequence for adjusting the filter parameters
outlined in the tuning procedure is for the convenience of
illustration only. In practice, one can pick any sequence to
perform the tuning process. The underlying fact is that, once a
parameter is adjusted, the impact from the adjustment of other
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(a) (b)

Fig. 9. (a) Final response after only nine tuning steps performed. (b) Response from [13] without the removal of the loading effect to the last resonator.

TABLE III
MEASUREDZEROS/POLES AND EXTRACTED FILTER PARAMETERS AFTER TUNING

parameters will be secondary. Thus, the change in the adjusted
parameter will be small so that there is not much influence
on the final filter response. In our case, we start with,
which is found to have the maximum deviation from desired
value by comparing with

.

Fig. 7 shows the polar display from network analyzer before
[see Fig. 7(a)] and after [see Fig. 7(b)] the adjustment of the
corresponding tuning screw. Limited by the network ana-
lyzer, only the markers corresponding to the frequencies of zeros
are shown. Note that the difference in the radius of the circles
on the polar plot is caused by the loss of each individual res-
onator. The filter parameters are computed and compared to the
desired values after each adjustment. Fig. 8 summarizes the con-

vergence of each parameter with respect to the number of tuning
steps. It is clearly observed that all the parameters converge to
their desired values after nine tuning steps.

Fig. 9(a) shows the final filter response after only nine tuning
steps are performed. The response from a previously published
paper [13] [see Fig. 9(b)] without the removal of the loading ef-
fect to the last resonator is also included for comparison. The
measured zeros and poles and extracted filter parameters after
tuning [see Fig. 9(a)] together with the desired values are tabu-
lated in Table III.

VI. CONCLUSIONS

A general model for determination of individual resonant
frequencies and coupling coefficients of a system with cas-
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caded coupled resonators based on the knowledge of the zeros
and poles of the network has been developed. The model is
very useful for effective tuning and diagnosis of cascaded
coupled resonators filters and can also be used in conjunc-
tion with full-wave simulations to simulate the couplings and
resonant frequencies for networks consisting of nonidentical
resonators.

The importance of the loading effect to the last resonator has
been pointed out in this paper for the first time. This loading
effect can be effectively removed by the proposed systematic
method. A new tuning procedure for cascaded coupled res-
onator filters has also been proposed and tested experimentally.
The deterministic and noniterative characteristic of the tuning
procedure makes the possibility of fully automatic filter tuning
promising.
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